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Normal forms

Exercise 1. Prove that any first order formula is logically equivalent to some
formula in prenex normal form, i.e. a formula with all quantifiers at the begin-
ning.

Exercise 2. Prove that any quantifier-free first order formula is logically equiv-
alent to some formula in conjunctive normal form (CNF), i.e. a conjunction of
disjunctions of atomic formulas and negations of atomic formulas.

Quantifier elimination

Exercise 3. Prove that (N, =) admits quantifier elimination.

Exercise 4. Prove that (N, <) does not have quantifier elimination.

Presburger arithmetic

Exercise 5. Prove that multiplication cannot be defined in Presburger arith-
metic, i.e. the set {(a,b,c) € N?:a-b=c} is not definable in (N, +).

Exercise 6. Recall' that subsets of N¢ can be encoded in binary as languages

di

over an alphabet {|...| : dy,...,d, € {0,1}}. For instance, the word w =
dn

o (1] |1 .

[J [O] [J encodes the pair (6, 5). Let ¢(x1, ..., x,) be a formula of Presburger

arithmetic. Prove that the subset of N¢ defined by ¢ can be encoded as a regular
language. Conclude that the Presburger arithmetic is decidable.

1We mentioned this in the first tutorial



